We investigate roles of electron correlation effects in the determination of gj factors of the ns 2 S 1/2 (n=5,6,7), np 2 P 1/2,3/2 (n=5,6), 5d 2 D 3/2,5/2 , and 4f 2 F 5/2,7/2 states of the singly ionized cadmium (Cd + ) ion. Single and double excited configurations along with important valence triple excited configurations through relativistic coupled-cluster (RCC) theory are taken into account for incorporating electron correlation effects in our calculations. We find significant contributions from the triples to the lower S and P states for attaining high accuracy results. The contributions of Breit interaction and lower-order quantum electrodynamics effects, such as vacuum polarization and self-energy corrections, are also estimated using the RCC theory and are quoted explicitly. In addition, we present energies of the aforementioned states from our calculations and compare them with the experimental results to validate gj values. Using the gj factor of the ground state, systematical shift due to the Zeeman effect in the microwave clock frequency of the |5s 2 S 1/2 , F = 0, mF = 0 ↔ |5s 2 S 1/2 , F = 1, mF = 0 transition in 113 Cd + ion has been estimated.
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I. INTRODUCTION
Urge of high precision atomic clocks for both scientific and commercial applications are well acknowledged in many areas of physics. Today optical atomic clocks offer the most precise frequencies to recalibrate unit of time (i.e. second). Howbeit, use of microwave atomic clocks are extremely robust in numerous scientific and industrial fields including satellite navigation systems, network synchronization, timekeeping applications and defense systems etc. [1] owing to their several order lower frequencies than the optical clock frequencies. Mostly microwave clocks are based on the neutral atoms, but making these clocks using singly charged ions have many advantages. They can be more compact in size and consume low power, that are the imperative criteria for making a portable atomic clock. Compared with the other developed trapped ion microwave clocks, e.g. 199 Hg + [2, 3] , microwave clock using 113 Cd + has a unique feature as its cooling and pumping lines have the frequency difference of only 800 MHz. Therefore, its cooling, pumping and detecting processes can be carried out by the same laser. * Email: ymyu@aphy.iphy.ac.cn † Email: bijaya@prl.res.in ‡ Email: zhangjw@tsinghua.edu.cn This is advantageous for making miniaturized atomic clock for aerospace applications [5] . Since 2012, we have progressed a lot in making high-performance miniaturized cadmium ion atomic clocks [4] [5] [6] [7] . We achieved the frequency uncertainty and stability for the ground state hyperfine splitting to 6.6 × 10 −14 and 6.1 × 10 −13 / √ τ , where τ is the average time, respectively, in 2015 [4] . We have accomplished sympathetic cooling of Cd + ions in the mean time, which lowers the second-order Doppler shift and dead-time drastically [8] . In order to improve uncertainty of the clock frequency to below 10 −16 or making comparable with the currently available 133 Cs fountain clocks, one of the important tasks for us is to estimate the second-order Zeeman shift accurately.
In the microwave atomic clocks a small external magnetic field is applied to break the degeneracy of the ground state hyperfine levels. The fluctuation arising from the background magnetic field can be suppressed down to 10 −9 Tesla or even lower by using multi-layer magnetic shields. When the stability of the background magnetic field is well controlled, it becomes important to calibrate the applied magnetic field very strictly. This can affect precise estimate of the Zeeman shift, hence accurate determination of the clock transition. For this purpose precise knowledge of the g j factor of the ground state of Cd + ion is strongly desired. There has also been immense interest to understand roles of various physical effects for the accurate determination of the g j factors of atomic states. Most of the g j factor studies are concentrated on the highly charged ions (HCIs) with few electrons in which relativistic effects play the crucial roles for their accurate determination. It demands for rigorous treatments of quantum electrodynamics (QED) to higher-orders and nuclear recoil (NR) effects. For example, agreement between the theoretical and experimental values of the g j factors in the H-like C 5+ , O 7+ , and Si
13+
ions [10] [11] [12] [13] , and in the Li-like Si 11+ and Ca 17+ [14] [15] [16] HCIs at the 8 th or even at the lower decimal places serve as the most stringent test of the bound-state QED theory. Such studies yield unprecedented values of the ratio between the mass of an electron and the mass of a proton, and the fine structure constant [17] . Contrasting to the great success in achieving high precision values of the g j factors in few-body systems, accurate determination of these factors in many-electron systems is challenging owing to strong electron correlation effects associated with this property. In the neutral atoms or singly charged ions, these interactions contribute predominantly to the g j factors over the QED interactions [18] [19] [20] [21] . In this context, the relativistic coupled-cluster (RCC) theory, which is currently known as one of the leading quantum many-body methods and has been referred to as the gold standard for treating electron correlations, is apt to determine atomic properties including g j factors accurately. This theory was employed to study the g j factors of the ground states of Li, Be + , and Ba + by Lindroth and Ynnerman [22] , but they had determined only the corrections to the g j factors (∆g j ) due to electron correlation effects with respect to the bare Dirac values. Recently, the roles of electron correlation effects to the net g j factors of ground and few excited states of Ca + were demonstrated by employing RCC theory [23] .
In this work, we have applied the RCC theory to calculate the g j factors of the ground state 5s 2 S 1/2 and some of the low-lying ns 2 S 1/2 (n=6,7), 10 ] closed-shell configuration by considering singles and doubles excitations approximation in the RCC theory (RCCSD method) and compared them with the available experimental results to validate our calculations. We have incorporated contributions from the important valence triples excitations in a perturbative approach in the RCCSD method (RCCSDpT method) only in the g j factor evaluation expression as described in [23] . Further, systematic shift due to the Zeeman effect in the microwave clock frequency of 113 Cd + ion has been estimated by using the calculated g j factor of its ground state.
II. THEORY
In the presence of an external homogeneous magnetic field B, the interaction Hamiltonian of electrons in an atomic system is given by [26] 
where e is the electric charge of the electron, c is the speed of light, α is the Dirac operator, and A is the vector field seen by the electron located at r due to the applied magnetic field. We can rewrite the above expression as
where
is the Racah coefficient of rank one and magnetic moment operator given by
. (3) Using this operator, the Dirac contribution to the Lande g j factor of a bound-state electron in an atomic system is given by
with total angular momentum of the state J and the Bohr magneton µ B = e /2m e for mass of the electron m e and Planck constant . Using the reduced matrix element, it can be expressed as
For the calculation of this factor, the single particle reduced matrix element of µ (1) q is given by
where P (r) and Q(r) are the large and small components of the radial parts of the single particle Dirac orbitals, respectively, and κ is the relativistic angular momentum quantum number. The reduced matrix element of the Racah C (1) operator is calculated as
with
for the corresponding orbital momentum l κ of the orbital with relativistic quantum number κ. For evaluating g D j using Eq. (5), it is necessary to calculate wave functions of the states in an atomic system considering relativistic effects. It is also known that the Dirac value of Lande g factor of a free electron (g D f ) has significant corrections from the QED theory. The net value with the QED effects is approximately given by [27] 
where α e is the fine structure constant. To account for this correction along with g 
where β is the Dirac matrix, Σ is the four-component spinor and
Using this Hamiltonian, we determine ∆g Q j as [29] ∆g Q j = 0.001160
for which the single particle matrix element is given by
Contribution due to the NR effect to the bound state g j factors in Cd + can be estimated using the formula [33] ∆g
where m and M are masses of an electron and atomic nucleus, Z is the atomic number, and n is the principal quantum number of the interested states. This is found to be of the order of ∼ 10 −7 ; which is neglected because such uncertainty is much below than the intended precision that can be achieved in the present work.
III. METHOD OF CALCULATIONS
We consider the Dirac-Coulomb (DC) Hamiltonian to calculate the wave functions of the atomic states, which is given in atomic unit (a.u.) by
where p i is the momentum operator, V n (r) denotes the nuclear potential, and 1 rij represents for the Coulomb potential between the electrons located at the i and j positions. The Breit interaction contribution is estimated by incorporating the interaction potential
wherer ij is the unit vector along r ij . Similarly, we also include effective potentials for vacuum polarization (VP) and self-energy (SE) interactions as discussed in our previous work [30] to account for QED interactions in the determination of the atomic wave functions. The investigated states of Cd + ion can be expressed in the RCC theory as [24, 25] 
where 
and
where |Φ * 0 and |Φ * v are the singly and doubly excited state configuration with respect to |Φ 0 and |Φ v , respectively. The notation H N is defined as H N = (He T ) l with subscript N means normal order form of the operator and l means that all the terms are linked. The quantity ∆E v corresponds to EA of the state with the valence electron v. We evaluate ∆E v by
In the RCCSD method, the singles and doubles excitations are denoted by
After obtaining amplitudes of the RCC operators, the expectation value of an operator O is evaluated as
We adopt an iterative procedure to include contributions from the non-terminative terms from the above expressions. Here, O stands for both the M and ∆M operators for the evaluations of the g D j and ∆g Q j contributions, respectively. In our previous work, we had observed that triples excitations play important roles in the determination of the g j factors [23] . Inclusion of these excitations require huge computational resources, which we are lacking at present. Therefore, we take into account these contributions in the RCCSDpT method only by defining excitation operators in the perturbative approach as
where {a, b, c} and {p, q, r} represent for the occupied and virtual orbitals, respectively, and ǫs are their single particle orbital energies. Contributions from these operators to the g j factors are then given in terms of
, and S 
IV. RESULTS AND DISCUSSION
To verify accuracies of the wave functions of the atomic states, whose g j factors are investigated here, we have evaluated EAs and compared them with their available experimental values. In Table I , we give EAs of 11 lowlying states of Cd + from the DHF, second-order relativistic many-body perturbation theory (RMBPT(2)) and RCCSD methods. As can be seen, the DHF method gives lower values while the RMBPT(2) method gives larger values compared to the results from the RCCSD method. The RCCSD results are in close agreement with the experimental results. Corrections from the Breit and QED interactions are quoted explicitly from the RCCSD method, and those corrections are found to be comparatively small. Uncertainties to our final results are given by estimating contributions from the valence triple excitations in the perturbative approach, which are reasonably large. This shows that the triple excitations are important to improve accuracies of our calculations. Our results are compared with the experimental values listed in the National Institute of Science and Technology (NIST) database [31] . Differences between our final results from these experimental values are given as ∆ in percentage in the same table. This shows that our calculations agree with the experimental values at the sub-one percentage level in all the states. These uncertainties can be reduced further by incorporating full triple excitations in our RCC method. Nonetheless, this analysis shows that we shall be able to obtain g j factors with similar accuracies for the considered states as these quantities are sensitive to accuracies of the wave functions in the far nuclear region as for the case of energies.
After the investigation of roles of the electron correlation effects in the EAs, we present the calculations of g j factors of the above aforementioned states of 113 Cd + . We give the g 
interactions are shown explicitly. The final g j values,
, of the respective states are obtained by adding all these corrections. In our calculations we find the perturbatively triple excitation terms have the sizable contributions to the g j factors. This suggests full account of triple and other higher level excitations would improve the results further. Nonetheless, we anticipate additional contributions from these higher level excitations will be within the half of the estimated contributions due to the perturbative triple excitations. On this basis we assign uncertainties as 50% of the perturbative excitation contributions to the final values of the g j factors. There are no experimental values of the g j factors of the considered states in Cd + available to compare with our calculations. The contributions to g terms , which is given explicitly in Table III . Computing these terms is very time consuming. As can be seen that these triple contributions are as large as compared to the correlation contributions due to the RCCSD method.
are found to be relatively larger compared to the other terms followed by the T is extremely costly, and hence it is neglected in the g D j calculation of 4f states. As shown in III the contributions of the triple excitation terms for the 4f states are far less than the other states. In Fig. 1 , we plot magnitudes of these contributions from the individual terms explicitly in order to highlight their roles. It can be seen from these figures that the triples excitations have substantially big contributions for the ground state and n = 5 excited states and smaller contributions for higher-lying excited states.
Another motivation of the present work is to estimate the typical order of systematic effect due to the applied magnetic field to the microwave clock frequency of the ground state hyperfine structure splitting in 113 Cd + . The present level of accuracy of this clock is ∼ 10 −14 [4] and our desired precision level is 10 −16 . In 113 Cd + , the 2 S 1/2 (F = 0, m F = 0) → (F = 1, m F = 0) transition is considered for making clock, where F = I ± J for the nuclear spin I and electron angular momentum J and with its projection m F . Under the low magnetic field, the energies W (F, m F , B) of different hyperfine-Zeeman sublevels |(J, m J )F, m F for a given magnetic field strength B can be approximately estimated as [34] [35] [36] 
where g j and g I are the electronic and nuclear g factors, µ B is the Bohr magneton, and A hf is the magnetic dipole hyperfine structure constant. Using Eqs. (24) and (25), the energy difference between the clock states of the ground state in 113 Cd + is given by
As can be seen, the energy shift depends on the stray magnetic field, where the second term in Eq. (27) is referred to as the second-order Zeeman shift. Thus, the change in frequency due to the second-order Zeeman shift is expressed as ∆ν (2)
As can be seen, uncertainty to this quantity depends on the uncertainties in both the g j factor and the applied magnetic field B. In our experiment, the magnetic field is generated by a pair of Helmholtz coils and the current controls the strength of the magnetic field. Thus, it is not straightforward for us to measure the applied magnetic field strength very accurately. Under such circumstances, the value of B needs to be calibrated. Assuming the B value is known precisely, the fractional frequency uncertainty in ∆ν (2) Zeem (B) can be obtained by
where δg j is the estimated uncertainty of g j . The above value is estimated by considering B = 10 −7 Tesla for our typical condition of the experiment, A hf ≃ −15.2 GHz [4] , and g I =0.6223009(9)×10 −3 [37] . By substituting our determined values g j = 2.00286 and δg j = ±0.00053, we find that uncertainty in the second-order Zeeman shift will not affect to the clock frequency at the 10 −16 precision level if the applied magnetic field is lower than the above assumed value. It is also imperative to estimate the maximum level of fluctuation in the applied in order to sustain the aforementioned precision level of the clock frequency. For this purpose, we use two magnetic-field sensitive transitions, i.e., ν + and ν − correspond to the transitions from (F, 
This yields frequency difference as
Using this expression, the magnetic field strength B can be determined as
This leads to uncertainty in the calibration of magnetic field with respect to the g j factor as δB = ∂B ∂g j δg j ≃ − hδν ∓ (g j + g I ) 2 µ B δg j ≈ 5.0 × 10 −8 δg j Tesla.
Here, we have used as δν ∓ ≃ 2.8 kHz for B = 10 −7 Tesla [4] along with values for other variables as defined above.
According to this, the calibration of the B value will be affected by the uncertainty in the value of g j . Using our estimated g j value, we anticipate the uncertainty in B would be less than 10 −10 Tesla. This is sufficiently low to maintain the uncertainty in the fractional second-order Zeeman shift with respect to the clock frequency lower than 10 −17 for the assumed magnetic field. This is good enough for ensuring the 10 −16 precision level measurement of clock frequency.
V. CONCLUSION
The g j factors of the ground 5s 2 S 1/2 state, and the excited 6 − 7s 2 S 1/2 , 5 − 6p 2 P 1/2,3/2 , 5d 2 D 3/2,5/2 and 4f 2 F 5/2,7/2 states of 113 Cd + are calculated by using the relativistic coupled-cluster theory. We have also evaluated energies of these states and compared them with their experimental results to verify reliability of our calculations. We observed triples effects are significant for high precision calculation of the g j factors of the aforementioned states, especially for the low-lying states, in Cd + . Using the precisely determined g j factor of the ground state, we have analyzed typical order of systematic shift due to the second-order Zeeman effect in the clock frequency of the |5s 2 S 1/2 , F = 0, m F = 0 ↔ |5s 2 S 1/2 , F = 1, m F = 0 transition in 113 Cd + ion and found it will be within the desired fractional uncertainty 10 −16 level.
